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Abstract

In this paper, a thermal-energy method is presented for calculating thermoelastic damping in micromechanical
resonators. In this method, thermoelastic damping is interpreted as the generation of thermal energy per cycle of vibration
and consequently is expressed in terms of entropy—a thermodynamic parameter measuring the irreversibility in heat
conduction. As compared with a commonly used complex-frequency method, this thermal-energy method does not involve
complex values and thus can be implemented in ANSYS/Multiphysics, a finite element modeling software, with fast speed.
Based on the governing equations of linear thermoelasticity, the mathematical expressions are first derived for
thermoelastic damping in micromechanical resonators made from isotropic and anisotropic materials, respectively.
Through two sequential numerical simulations: uncoupled elastic modal simulation and transient heat conduction, the
numerical values for these expressions are then calculated in ANSYS/Multiphysics for micromechanical resonators taking
different structural geometries. This method is verified using the well-known theoretical solution to thermoelastic damping
in a beam resonator and experimental data. As a result, the developed thermal-energy method can calculate thermoelastic
damping in micromechanical resonators with any complex structural geometry and made from isotropic and/or
anisotropic materials.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

With the advent of the Microelectromechanical Systems (MEMS) technology, micromechanical resonators
have been extensively studied for various sensing and wireless communications applications, such as
accelerometers [1,2], gyroscopes [3—5], oscillators [6-8], and electrical filters [9,10]. For all these applications, it
is important to design and fabricate micromechanical resonators with very high quality factors or very little
energy loss, because a high quality factor directly translates to high signal-to-noise ratio, high resolution, and
low power consumption. Due to its small size, it is feasible to package a micromechanical resonator in a
vacuum and thereby climinate air damping. Consequently, other loss mechanisms, such as thermoelastic
damping (TED), support loss, and surface loss, now come to the fore [11-14], and become major bottlenecks
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for micromechanical resonators’ performance. Among these loss mechanisms, TED has been identified as the
fundamental limit for the attainable quality factor of a micromechanical resonator [12]. To this end, it is of
significant importance to analyze TED, not only for improving the performance of micromechanical
resonators, but also for establishing their performance limits.

The laws of thermodynamics predict that a variation of strain in a solid is accompanied by a variation of
temperature, which causes an irreversible flow of heat [15]. This heat conduction further gives rise to an
increase in entropy and consequently to dissipation of vibration energy. This process of energy dissipation is
commonly referred to as TED. The theory of thermoelasticity has been well established [16]. The coupled
equations of linear thermoelasticity in various infinite geometries have been analytically solved [15,17-19].
However, there are few analytical solutions to TED in finite geometries, in that the repeated reflections of
thermoelastic waves at the boundary make the mathematical derivation very complicated [15].

In the 1930s, Zener [20,21] derived an approximate expression for TED in rectangular beams with flexural-
mode vibrations. His theory showed that TED in a beam exhibits a Lorentzian behavior with a single thermal
relaxation time. This relaxation time is related to the width b of the beam and the thermal diffusivity y of the
structural material used. Currently, TED has received great attention, due to its significance in
micromechanical resonators as described above. For instance, Lifshitz and Roukes [12] have provided an
exact solution to the thermoelastic equations in micro/nanomechanical beam resonators, predicting a modified
Lorentzian behavior of TED, while TED in ring gyroscopes [22,23] has also been addressed.

All the aforementioned works are based on the fundamental assumption that thermoelastic coupling is very
weak and has negligible influence on the uncoupled elastic vibration modes of a mechanical resonator, so the
elastic and thermal problems are essentially decoupled. Following this assumption, TED is calculated using a
complex-frequency method in which TED is expressed in terms of a complex resonant frequency [12].
Recently, the numerical implementation [24] of this method has been conducted in the COMSOL software,
where several partial differential equations are numerically solved with complex frequency values being
involved. However, our experience shows that implementing large numerical models based on the complex-
frequency method is extremely computationally intensive for calculating TED. We reason that this might be
due to the fact that a numerical model based on the complex-frequency method needs to deal with complex
values. Thus, it is very difficult, if not impossible, to apply the complex-frequency method to TED in those
micromechanical resonators with complex structural geometries.

To address this problem, we have developed a thermal-energy method that is based on the very essence of
TED: the dissipation of vibration energy is permanently converted into thermal energy. Therefore, one may
calculate TED by seeking the generation of thermal energy per cycle of vibration. As compared to the
complex-frequency method, this thermal-energy method does not involve complex values and thus can be
implemented in ANSYS/Multiphysics with fast speed.

This paper is organized as follows. The following section presents the governing equations of linear
thermoelasticity in general. Section 3 presents the thermal-energy method for calculating TED and provides its
mathematical expressions. The numerical implementation of this method in a finite element modeling software,
ANSYS/Multiphysics, is described in Section 4. The significant insights of this work are concluded at the end.

2. Problem formulation

Although the theory of linear thermoelasticity has been well established and some work has been done on
investigating TED in mechanical resonators with different structural geometries, the governing equations of linear
thermoelasticity are not comprehensively documented. Thus, this section provides a detailed description of the
governing equations of linear thermoelasticity for micromechanical resonators made from isotropic and anisotropic
materials, respectively. In particular, due to the popularity of single crystal silicon (SCS) as the structural material for
micromechanical resonators, the related governing equations associated with SCS are also included in this section.

2.1. Isotropic materials

Consider a micromechanical resonator made from an isotropic material and initially at a uniform
temperature 7. In a Cartesian coordinate system x; = (xi, X, X3), the elastic strain can be expressed in terms
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of the three displacement components u; = (u;, uy, u3) in tensor form and vector form, respectively [25]:

Eij = Ujj fori:j and eg:%(uu—}—uj,,-) fOI‘i?éj, (la)

{efT = {en en &3 e &3 ), (1b)
where subscripts 7, j = 1, 2, 3; ¢ is the strain tensor at a point in the resonator; and u;; (or u;;) denotes the first-
order derivative of the ith (or jth) displacement component with respect to the spatial variable x; (or x;).

Then, the relations between the elastic stress, the elastic strain, and the temperature variation § = T—1T, are
written in tensor form and vector form, respectively, as below [25,26]:

3
oy =2uey+ 4y e — B0 fori=j and oy = pe; fori#j, (2a)

i=1

T
o' =[o11 o0 033 023 013 012, (2b)

where / and u are Lame coefficients and f is a coefficient related to thermal expansion effect of the resonator.
In terms of the material properties, these coefficients can be expressed in three-dimensional (3D) cases and
two-dimensional (2D) cases, respectively, as below:

vE E oF

”

BT A T —) P T a1 bo =2 (32)
vE E oF
Jap = T—g2 M= 0+ 0) and f,p = = (3b)

where E, v, and o are the Young’s modulus, Poisson’s ratio, and linear thermal expansion coefficient of the
structural material used, respectively.

According to the Newton’s second law, the governing equation of motion in the absence of body forces can
be written as

oijj = pii, “4)

where p is the density and the superposed double dot on the displacement component u; denotes its second-
order derivative with respect to time z. Therefore, the governing equation for the elastic vibrations in a
micromechanical resonator takes the following format:

()» + ,u)uj,,-j + nu; i — [)’0,,‘ = pul (5)

Now, we analyze heat conduction in the micromechanical resonator. According to the Fourier law for heat
conduction in isotropic media, the heat flux is related to the temperature gradient by the following expression:

q; = _KH,ia (6)

where ¢; is the ith component of the heat flux vector {¢} due to the temperature gradient 6 ; along the x;
variable direction and x, the thermal conductivity of the structural material. As compared to the initial
temperature 7T, the temperature variation 0 is extremely small. Therefore, based on the definition of entropy,
the following relation exists:

qg;; = —Tops, (7

where § is the rate of the entropy density (Note: the unit of s is Jkg ' K™').
In the absence of internal heat sources, the governing equation for thermal energy accounting for the
interaction between the temperature variation and the elastic strain is written as [27]

3
Cp.
p.i‘:ﬁz(é}ii—f-pTiPe, (8)
i=1 0

where Cp is the specific heat of the structural material and 0 and &; are the rate of the temperature variation
and the rate of the normal elastic strains, respectively. Combining Egs. (6)—(8) leads to the governing equation
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for heat conduction:
. 3
kO, — pCrl = ToB Y k. )
i=1

From the above derivation, the governing equations of linear thermoelasticity for a micromechanical
resonator made from an isotropic material are summarized as below:

(4 + Wy + pu;j; — pO,; = pii;, (10a)

3
k0,5 —pCpl = Tof Y _ ki (10b)
i=1

Note that Egs. (10) are the same as the governing equations of linear thermoelasticity in scalar form presented
in Ref. [24]. While the last term on the left side of the elastic Eq. (10a) represents the stress caused by the
temperature variation in the resonator, the term on the right side of the heat conduction Eq. (10b) represents
the temperature variation resulted from the elastic dilatation, which is expressed as the summation of the three
normal elastic strains Z?zlaﬁ. These two terms are the factors coupling the elastic vibrations and the
temperature variation together.

2.2. Anisotropic materials

Here, we consider a micromechanical resonator made from an anisotropic material and initially at a
uniform temperature Ty. The elastic strain in this resonator can be written the same as Eq. (1). Then, the stress
caused by the elastic strain and the temperature variation 6 is written as

O'!-/ = Cijklgkl — [SU-H, (113)
where i, j, k, [=1, 2, 3; ¢; is the fourth-order tensor of the elastic stiffness and f; = cjuou is the

thermoelastic coupling tensor, where oy, is the thermal expansion tensor. For clarity, the vector form of
Eq. (11a) can be written as below:

6 =ce— B0, (11b)

where
B" = [Bi1 B Bz Baz Bis Bral. (12)
ol =[on o2 o33 o3 o3 o), (13)

[ Ci1 €2 €13 Ci4 €15 Cie 1
Ciz2 €22 €3 Cq4 €25 C26
_ €13 €3 €33 €34 C35 C36 14
T e o cu ocas cas ca| 14

Ci5 €35 €35 C45 Cs55 Cs6

Cie €6 €36 C46 Cs6 Co6

Note that the thermoelastic coupling tensor can be further expressed in terms of the elastic stiffness matrix ¢
and thermal expansion vector a:

B = ca. (15)
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According to the Newton’s second law, the governing equation of motion in the absence of body forces can
be written as

Therefore, the governing equation for the elastic vibrations in a micromechanical resonator takes the
following format:

pit; = ey + uiig) — 0. (17)

As to heat conduction in the micromechanical resonator, a modified Fourier law for heat conduction in
anisotropic media is written in tensor form and vector form, respectively, as below:

qi = _kil'ggl" (183)
q = K0 9 0;}70, (18b)

where
a=1{q ¢ ¢}, (19)

K11 K12 Ki3
K= | K211 K2 K23 (20)

K31 K32 K33

where x is the thermal conductivity matrix. Based on the definition of entropy, the following relation exists:
gi; = —Tops, (21)

where ¢;; is the first-order derivative of the ith component of the heat flux vector x with respect to the x;
variable. In the absence of internal heat sources, the governing equation for thermal energy accounting for the
interaction of the temperature variation and the elastic strain is written in tensor form and vector form,
respectively, as below:

Cp.
ps = Byiy + 1 TOP 0, (22a)
ps = piT +% ), (22b)

where ¢; is the rate of the elastic strain ¢ and the two vectors p and ¢ take the form of Egs. (1b) and (12),
respectively. Combining Egs. (18), (21), and (22) leads to the governing equation for heat conduction in the
resonator in tensor form:

k05 — pCp0 = ToPyéy. (23)

In summary, the governing equations of linear thermoelasticity for a micromechanical resonator made from
an anisotropic material are as follows:

e Cup gy + ) — cipaoad; = pii, (24a)
ki0;; — pCp0 = ToByéy. (24b)
While the second term on the left side of the elastic Eq. (24a) represents the stress caused by the temperature

variation, the term on the right side of the heat conduction Eq. (24b) represents the temperature variation
resulted from the elastic strain.
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2.3. Single crystal silicon

In the MEMS field, SCS has been intensively used as the structural material for micromechanical
resonators. Therefore, this subsection focuses upon tailoring the equations in Section 2.2 to SCS resonators.
These types of resonators have only three independent elastic constants and its elastic stiffness matrix can be
written as below:

e ¢z ¢z 0
¢z ¢n ¢z 0
¢z ¢z e 0
0 0 0 cy4
0 0 0 0 cy
0 0 0 0 0 Cq4

(25)

== R
== —— R R}

Furthermore, the thermal properties of SCS do not show any dependence on orientations. Consequently,
according to Eq. (15), the following expression for  can be obtained:

B = [ena+ 2¢cna cia + 2¢na cio+ 2cna 0 0 O]T (26)
Thus, the governing equations of linear thermoelasticity for SCS resonators are written as
Lei(up g + urgg) — o0, = piis, (27a)

3

3
K Z 0 —pCpl = To(ci1 + 2ci2)a Z &ii. (27b)
i3 P

3. Thermal-energy method

As described in Section 2, the governing equations of linear thermoelasticity are well established. Therefore,
calculating TED becomes a well-defined problem—solve the two coupled equations for the dissipation of
vibration energy per cycle of vibration. So far, TED has been tackled from the perspective of elastic
vibrations—the dissipation of vibration energy. In fact, besides interpreted as the dissipation of vibration
energy, TED can also be interpreted as the generation of thermal energy per cycle of vibration, which is the
very essence of TED [19]. Therefore, one may calculate TED by seeking this generation of thermal energy—
referred to as thermal-energy method in this work. This thermal-energy method is based on the well-accepted
assumption described previously that thermoelastic coupling is very weak and has negligible influence on
the uncoupled elastic mode of a mechanical resonator, so the elastic and thermal problems are essentially
decoupled.

Now, we describe the procedure of deriving the mathematical expression for the generation of thermal
energy. It should be emphasized that, as compared to the complex-frequency method [12], this thermal-energy
method differs in that:

(1) The resonant frequency, elastic vibrations, and temperature variation all hold real values.
(2) While the elastic vibrations are assumed to be time-harmonic, the temperature variation is not time-
harmonic any more.

Following the aforementioned assumption, the uncoupled elastic vibration modes from the elastic equation
are further assumed and their corresponding elastic strain is derived. Then, the substitution of the elastic strain
into the heat conduction equation leads to the expression for the temperature variation in the resonator. Upon
knowing the temperature variation, the generation of thermal energy can be derived using a parameter in the
thermal field-entropy.
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Considering heat conduction in a micromechanical resonator made from an anisotropic material, we can
calculate the rate of the total entropy increase S of the whole resonator by irreversible heat conduction [25]:

S:—/V%m;:—/vdiVT(q)du /dw( )dv—l—/qV( >dv (28)

where the integrand is integrated across the whole volume of the resonator and 7 denotes the absolute
temperature at a point in the resonator. Upon being transformed into a surface integral, the first integral on
the right side of the equation becomes zero because of the adiabatic condition at the boundary of the
resonator. Thus, Eq. (28) can be simplified as

S = /qV( )du_/Vq%dv. (29)

Based on the definition of entropy, the rate of the generated thermal energy is written as

0= /q—dv_/ kV0 Hd (30)

where the relation 6 < Tj is used. Now, we integrate Eq. (30) over one time period of vibration 7, and obtain
the mathematical expression for TED in a micromechanical resonator made from an anisotropic material:

fo Vo
AQ:/ / kV0— dvdr. 31
o Jr T
Consequently, for a micromechanical resonator made from a thermally isotropic material or SCS, the above
equation can be simplified as below:
to V@ 2
AQ = / / KVO 4. (32)
o Jr To

Once TED AQ is obtained, the quality factor related to TED Qtgp for a micromechanical resonator can be
calculated as

w
Orep = ZHE’ (33)

where W denotes the stored maximum elastic vibration energy per cycle of vibration.
4. Numerical implementation

In order to calculate the mathematical expressions, Egs. (31) and (32), for TED, we need to conduct the
numerical implementation which consists of the following three steps:

(1) We simulate the uncoupled elastic vibrations, Eq. (10a) or (24a) or (27a), in a micromechanical resonator
to obtain the elastic strain ¢;; and the stored maximum elastic vibration energy, W.

(2) The elastic strain obtained from the uncoupled elastic simulation is converted into the internal heat source,
according to the following expressions:

Tope'  (anisotropic materials), (34a)

3
ToBY & (isotropic materials), (34b)
i=1

3
To(cry + 2¢1)a Z &; (single crystal silicon). (34c¢)

i=1
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(3) To obtain the temperature variation 0, the transient heat conduction, Eq. (10b) or (24b) or (27b), in the
resonator with the internal heat source of Egs. (34), is simulated. Processing the thermal simulation results
according to Eq. (31) or (32) gives rise to the calculation of TED, and further leads to the quantitative
prediction of the Orgp from Eq. (33).

The above procedure has been implemented in ANSYS/Multiphysics with Element Solid45 for isotropic
materials and Element Solid64 for anisotropic materials. Since processing the simulation results virtually takes
no time, the running time is approximately the combination of the time for elastic vibrations and that for
transient heat conduction, thereby leading to fast speed. Based on this procedure, the Qrgp values for
micromechanical resonators with different geometries have been simulated. Table 1 summarizes the material
properties of the three typical structural materials used in fabrication of micromechanical resonators. Fig. 1
compares the simulated Qrgp using the thermal-energy method (with Element Solid45) and the corresponding
Otep from the theoretical solution to beam resonators [12] with different aspect ratios of beam length to beam
width (note that the beam width is fixed at 4 pm). This comparison shows excellent agreement toward the right
side of the Debye peak, where maximum TED occurs, and thus demonstrates the validity of this method.
Now, we address the difference between the simulated Qrgp values and the theoretical Orgp values toward
the left side of the Debye peak. Note that the dashed lines in Fig. 1 represent the percentage difference between
the simulated frequency and the theoretically calculated frequency based on the Euler—Bernoulli beam theory
for clamped—free and clamped—clamped beam resonators. These dashed lines clearly show that as the beam
length/width ratio decreases (a chubby beam) [28], the percentage difference between the simulated frequency
and the theoretically calculated frequency goes up. This indicates that the Euler—Bernoulli beam theory does
not hold toward the left side of the Debye peak. Therefore, the difference between the simulated Qrgp values
and the theoretical Qrgp values toward the left side of the Debye peak is due to the fact that the theoretical
solution, which is based on the Euler—Bernoulli beam theory, is not valid toward the left side of Debye peak,
while the thermal-energy method does not have such limitations.

We further apply this thermal-energy method to other micromechanical resonators with complex
geometries. Figs. 2-5 illustrate the simulated elastic vibration modes and energy loss distribution (the
integrand in Eq. (32)) due to TED in a tuning-fork structure, a block resonator, and a disk resonator,
respectively. The structural geometrical parameters are taken from the literature [6,32-34]. Fig. 6 illustrates
the simulated elastic vibration mode and energy loss distribution due to TED in a tuning-fork structure with
three flexural beams, which we have recently designed for improving the Qrgp in the tuning-fork structure
shown in Fig. 2. Its scanning electron microscope (SEM) picture and measured frequency response from a
network analyzer are illustrated in Fig. 7.

Table 2 compares the simulated Qtgp and the measured quality factor for those micromechanical
resonators illustrated in Figs. 2-7, showing good agreement in the sense that the simulated Qtgp values are
larger than the corresponding measured Q values, which consist of other loss mechanisms, such as support loss
and surface loss. In particular, it is found from this comparison that TED is the dominant loss for the two
tuning-fork structures shown in Figs. 2, 3, and 6, while it is not a concern for the disk resonator and the block
resonator. It is worth mentioning that this numerical implementation is also applicable to a micromechanical

Table 1
Physical properties of three typical structural materials for micromechanical resonators.

Materials Single crystal silicon [29] Polysilicon [24] Polydiamond [30,31]
Poisson’s ratio - 0.22 0.12
Elastic modulus (GPa) ¢ = 166
c1p =65 157 1120
Cq4 = 80
Density (kgm ™) 2330 2330 3440
Thermal conductivity (Wm™' K™ 90 90 1400
Specific heat (Jkg 'K~ 700 700 565

Linear thermal expansion coefficient (K~ 2.6x107° 2.6x107° 1.0x107°
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Fig. 1. Comparison between the well-known theoretical solution to the Qrgp in a flexural-mode beam resonator and the simulated Qrgp
using the thermal-energy method (note that polysilicon is assumed to be the structural material and the beam width is fixed at 4 um): (a)
Clamped-free beam and (b) Clamped—clamped beam. — theoretical Qtgp; A simulated Qrgp; - - - percentage difference between the
simulated frequency and the theoretically calculated frequency.
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Fig. 2. Simulated elastic vibration mode and energy loss distribution due to thermoelastic damping for the drive-mode of a tuning-fork
gyroscope made from single crystal silicon: (a) elastic vibration mode and (b) energy loss distribution.

resonator made from different structural materials, as far as the appropriate equations are identified for these
materials. Moreover, this thermal-energy method is capable of predicting energy loss distribution due to TED.
This feature will facilitate the design optimization of a micromechanical resonator for a higher Qrgp.

Since it takes only a few minutes for a personal computer (Intel Core2 Duo 6300 with 2 GB RAM) to
calculate TED in those complex geometrical structures with large finite element model sizes (element No.
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Fig. 3. Simulated elastic vibration mode and energy loss distribution due to thermoelastic damping for the sense-mode of a tuning-fork
gyroscope made from single crystal silicon: (a) elastic vibration mode and (b) energy loss distribution.
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Fig. 4. Simulated elastic vibration mode and energy loss distribution due to thermoelastic damping for a block resonator made from single
crystal silicon: (a) elastic vibration mode and (b) energy loss distribution.
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Fig. 5. Simulated elastic vibration mode and energy loss distribution due to thermoelastic damping for a disk resonator with a side-
support beam and made from single crystal silicon: (a) elastic vibration mode and (b) energy loss distribution.

>4000) as illustrated in Table 2, this thermal-energy method is very efficient. To further demonstrate great
efficiency of this thermal-energy method as compared to the complex-frequency method, we consider a
clamped—clamped flexural beam resonator of 400 pm x 20 um x 12 um (L x & x b) [24]. We simulate TED in
this beam resonator with four model sizes in COMSOL using the complex-frequency method and in ANSYS
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Fig. 6. Simulated elastic vibration mode and energy loss distribution due to thermoelastic damping for a single crystal silicon tuning-fork
structure with three flexural beams: (a) elastic vibration mode and (b) energy loss distribution.
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Fig. 7. The scanning electron microscope (SEM) picture and experimental measurement of a tuning-fork structure with three vibration
beams: (a) scanning electron microscope picture and (b) the measured frequency response showing QOpeasured = 136,550 at 19.35kHz.

Table 2

Comparison between the simulated Qrgp using the thermal-energy method and the measured Q of micromechanical resonators with
different geometries.

Materials Calculated QOrep Measured Q Frequency (kHz) Element number Running
time (min)
Tuning-fork (drive-mode) [32,33] 87,635 81,000 17,219 4,576 3:09
Tuning-fork (sense-mode) [32,33] 83,563 64,000 17,149 4,576 3:02
Tuning-fork with three flexural beams 176,204 136,550 19,211 4,360 6:23
Block resonator [6] 1,551,876 180,000 11,900 729 0:33
Disk resonator [34] 7,153,088 39,300 148,000 4,440 8:01
Flexural beam resonator [24] 10,439 10,281 636 4,000 2:25

using the thermal-energy method, respectively, with the above-mentioned personal computer. As summarized
in Table 3, the running time with different model sizes for these two methods clearly illustrates great efficiency
of the thermal-energy method presented in this work.
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Table 3
Comparison of the running time between the complex-frequency method implemented in COMSOL and the thermal-energy method
implemented in ANSYS for calculating thermoelastic damping in a flexural beam resonator [24] with different model sizes.

Model size (element no.)

Running time (s) 200 600 1200 1600
Running time in COMSOL using complex-frequency method 66.89 84.15 105.625 Out of memory
Running time in ANSYS using thermal-energy method 18.26 42.78 51.54 59.22

5. Conclusion

From the perspective of thermal field, a thermal-energy method has been developed for calculating TED in
micromechanical resonators. By interpreting TED as the generation of thermal energy per cycle of vibration,
this method takes the advantage of a thermodynamic parameter-entropy which quantitatively measures the
irreversibility in heat conduction, to formulate TED. Its theoretical derivation and numerical implementation
has been described in great details. The validity of this method has been further demonstrated by comparing
with the well-known solution to TED in a beam resonator and experimental data. With the advantages of
involving no complex values and fast-speed implementation in ANSYS/Multiphysics, this thermal-energy
method applies to micromechanical resonators with any complex geometry and made from anisotropic and/or
isotropic materials.
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